The interaction among different sizes of cracks in materials is one of the key factors leading to the damage of brittle materials. Based on the Kachanov method, the expressions for the stress intensity factors of two collinear cracks with unequal length were obtained and the interaction effect was analyzed. A compression test of a cement mortar specimen containing two cracks and numerical analysis using RFPA 2D were performed. The results indicate that the crack interaction can almost be neglected when the crack distance reaches the length of the large crack; the two respective collinear cracks in the specimen grow and do not affect each other when the crack distance reaches the large crack length. The results of compression test and numerical analysis are both in agreement with the theoretical result.
Introduction
Brittle materials, such as rocks, concrete, and ceramics, contain a large number of inhomogeneities, such as soft and hard inclusions, pores and microcracks. These microdefects finally lead to failure under loads. An important problem in the failure behavior of materials is the interaction effect among cracks because it is one of the key factors determining the stability and failure of material engineering. Thus, the study of the interaction effect among cracks and their propagation is of great significance.
Various methods have been proposed to analyze the interaction among cracks. The singular integral equation method [1] [2] [3] [4] [5] [6] [7] was widely used to solve the multiple crack problem, but the solutions become rather complicated if the cracks are arbitrarily spaced. Taking the displacements as unknown, the work by [8] [9] [10] weakened the singularity of the integral equations and obtained approximate solutions for the interaction among cracks. Horri and Nemat-Nasser [11] and Horri [12] used the pseudo-traction method to estimate the interaction of multiple cracks in an infinite plate; however, it cannot be used to analyze the closely spaced crack problem. Gong [13] provided an exact formulation of microcrack interaction with a finite main crack. In addition, as the boundary conditions can be more readily defined for traction-free cracks, many researchers solved the crack problems by taking the traction as unknown while using the superposition technique and the idea of self-consistency [14] [15] [16] [17] [18] [19] [20] [21] . Kachanov [14] proposed a simple method for estimating the stress intensity factors (SIFs) for cracks in elastic solids and analyzed the interaction among multiple cracks. One of the key assumptions in the Kachanov method is that the traction in a crack is assumed to be composed of a uniform component and a nonuniform component, and the effect of the nonuniform component is ignored. This method also can be used to construct the stress and displacement fields in the solid [15] . However, the accuracy of the Kachanov method depends on the configuration, especially on the distance between the cracks [14] [15] [16] [17] [18] 22] . A modified Kachanov method was proposed by Li et al. [23] for the analysis of solids with multiple cracks. The result of the modified method is more accurate than the result of the Kachanov method. As an application of the classical Schwarz-Neumann alternating technique, an alternating iteration method [19] was applied 2 Mathematical Problems in Engineering to evaluate the SIFs for multiple interacting cracks, but the convergence became poor for the closely located crack problem. Based on the Kachanov method and the alternating iteration technique, a new method [24] was proposed to address the problem of the strongly interacted multiple cracks in an infinite plate. Regarding the crack tests, many authors have performed experiments to study crack propagation and coalescence, e.g., Horri [11] , Ashby [25] , Bobet and Einstein [26] , and Reyes [27] .
Most of the above research studies were aimed at the rock failure law and crack propagation law with two collinear equal length cracks. And the indoor test and numerical simulation analysis method are the main research means, so as to obtain the qualitative analysis results. However, in real materials engineering, the cracks are generally unequal in length and the relevant quantitative research in theory is still less. Hence, the aim of this study was to analyze the interaction between two collinear cracks of unequal lengths subjected to far-field uniform stresses. Based on the Kachanov method [14] , the expressions for the SIFs at the tips of the unequal cracks were obtained, and the influence of the crack length and crack distance on the interaction was analyzed.
Calculation: Two Collinear Cracks of Unequal Length
. . Two Unequal Collinear Cracks Loaded by Uniaxial Tension. Let us consider an infinite plate x-o-y containing two cracks ( Figure 1 ). The cracks incline at angles and are loaded by uniaxial tension ∞ at infinity. By the superposition principle, the problem is equivalent to the following: traction ∞ is applied to the crack faces, and the stresses vanish at infinity. In accordance with the concept of self-consistency, this problem can be represented as a superposition of two subproblems, each containing only one crack, with each crack loaded by unknown tractions. The unknown tractions are pseudo-tractions and can be decomposed into a uniform component and a nonuniform component (Figure 2 ). The key assumption is to neglect the traction on one crack due to the nonuniform load on the other crack. The coordinates of crack tips are A(-b,0), B(-k,0), C(k,0), and D(c,0). 1 and 2 are local coordinate axes.
According to the assumption, the stress shed on crack 1 by crack 2 is only due to the uniform average traction on crack 2. Therefore, the explicit expression for the traction in crack 1 is
where 1 ( 1 ) and 1 ( 1 ) denote the normal traction and the tangential traction on crack 1, respectively; Δ 21 ( 1 ) and Δ 21 ( 1 ) denote the normal traction and the tangential traction generated along the line (-b, -k) by crack 2, respectively; ⟨ 2 ( 2 )⟩ and ⟨ 2 ( 2 )⟩ are the average normal traction and the average tangential traction on crack 2, respectively; 21 and 21 are the interaction coefficients; 21 is the normal traction on crack 1 resulting from the normal uniform load of unit intensity on crack 2; 21 is the shear traction on crack 1 resulting from the shear uniform load of unit intensity on crack 2. The traction on crack 2 is
where Δ 12 ( 2 ) and Δ 12 ( 2 ) are the normal traction and the tangential traction generated along the line (k, c) by crack 1, respectively; 12 and 12 are the interaction coefficients; 12 is the normal traction on crack 2 resulting from the normal uniform load of unit intensity on crack 1; 12 is the shear traction on crack 2 resulting from the shear uniform load of
ΙΙ (C)
where a 1 =( − )/2 and a 2 =( − )/2. Figure 3 shows two sliding closed collinear cracks in an infinite plate. Cracks subjected to uniaxial compression may close. The normal stress on the closed cracks is neglected, and the crack tips only have II . The friction on the closed cracks has a great influence on the crack propagation. The problem can also be represented as a superposition of two subproblems, and the superposition of the stress for two collinear closed cracks is shown in Figure 4 .
. . Two Sliding Closed Collinear Cracks of Unequal Length.
Through the Coulomb-Mohr law, the actual shear stress acting on the face of the two collinear cracks in Figure 3 can be obtained as
where denotes the cohesion and denotes the friction coefficient. The pseudo-tractions on the cracks in the subproblems are
For closed cracks, * = 0; thus, the shear stress on the cracks can be obtained
where Δ and Δ are the tractions generated by another crack, and the tractions can be obtained using the Kachanov method as follows:
where ⟨− * ⟩ is the uniform average normal traction on the th crack and ⟨− * ⟩ is the uniform average shear traction on the th crack. Thus, the shear stress on crack 1 is
The shear stress on crack 2 is
Taking the average of (22) and (23), one obtains
By solving (24) , the uniform average stress on the two unequal cracks is as follows:
Once the uniform average tractions are found, the stress intensity factors for the two unequal sliding closed cracks can be obtained
Interaction Analysis of Two Collinear Cracks of Unequal Length
The interaction between the cracks can be analyzed by calculating the ratio of the SIFs for the inner tips and outer Mathematical Problems in Engineering tips of the cracks ( I / I0 , II / II0 ), where I0 and II0 are the SIFs when only one crack exists. The influence of the distance between the two cracks can be estimated by keeping the length of the cracks constant and changing the distance. Keeping the length of the large crack and the distance between the two cracks constant, we can analyze the impact of the small crack on the large one by changing the length of the small crack. Similarly, the impact of the large crack on the small one can be analyzed. The research results in [28] show that there is almost no interaction between the two cracks of equal length when the crack distance is equal to twice the half length of the crack, and the propagation of cracks is only related to their parameters. From [29] , we can find that the SIF ratio of the inner tips is 1.05 when the two cracks are of equal length and the distance is twice half the length of the crack. Thus, in this paper, almost no interaction is considered when the SIF ratios of the inner tips reach 1.05. For sliding closed cracks, the crack tips only have II . The SIF at the crack tips is ΙΙ0 = (
when there is only one sliding closed crack in the infinite plate. According to (27) ∼ (30), the ratio II / II0 of the sliding closed cracks is equal to the ratio I / I0 of the cracks under uniform tension. Thus, the interaction rule for two collinear sliding closed cracks will be the same as the interaction rule for two collinear cracks subjected to uniform tension.
. . e Influence of the Crack Distance. Table 1 shows the results for two collinear cracks of unequal length, while the distance between the inner tips of the two cracks is different and the length of the large crack is different. This table highlights the influence of crack distance and the impact of the large crack length on the small crack. The SIFs of the two cracks, whether at the inner tips or at the outer tips, are larger when another crack exists. 0 ( 0 = I0 , II0 ) is the SIF when only one crack exists.
Taking Figure 5 as an example, keeping the length of the two cracks constant, the decrement for the inner tip of the small crack is found to be the largest, and the decrement for the outer tip of the large crack is found to be the smallest. In this paper, it is considered that there is almost no interaction between two cracks if the SIF ratio for the inner tips reaches 1.05. Thus, from Table 1 and Figure 5 , we found that there is almost no impact from the small crack on the large crack when the crack distance increases to the length of the small crack, and there is almost no interaction between the two unequal collinear cracks when the crack distance increases to the length of the large crack.
. .
e Influence of the Large Crack. Keeping the crack distance and the length of the small crack constant in Table 1 , it can be obtained that the SIFs for the small crack increase with the increasing length of the large crack, but the SIFs for the large crack decrease. Taking Figure 6 as an example, the trend of the SIFs for the small crack almost increases linearly. The inner tip increases slightly more than the outer tip. The large crack begins to have obvious impact on the inner tip of the small crack when its length increases to the crack distance. When the large crack length increases to one-anda-half times the crack distance, it will impact the outer tip of the small crack. The influence increases continually with the increasing length of the large crack. However, the increasing large crack length has little influence on itself.
. . e Influence of the Small Crack. The impact of the small crack on the large one can be analyzed by keeping the crack distance and the length of the large crack constant. In Figure 7 , with the decreasing length of the small crack, the SIF at the inner tip of the large crack is observed to decrease more drastically than the outer tip. However, the SIFs for the small crack are found to increase gradually. This result indicates that the influence of the small crack on the large one is weakening but it is greatly influenced by the large crack as the length of small crack decreases. In Figure 7 (a), the SIF ratio for the inner tip of the large crack is less than 1.05 when the small crack length decreases to the crack distance. Thus, it is postulated that the small crack has almost no influence on the large one. In Figure 7(b) , under the condition of d=2a 1 , the SIF ratios for the large crack are all under 1.05 regardless of the length of the small crack. When the small crack length becomes equal to the crack distance (at this time a 1 =a 2 ), there is almost no interaction between the two cracks.
Uniaxial Compression Test for Cement Specimen Containing Two Unequal Collinear Cracks
. . Specimen Production and Test Equipment. The cement mortar specimen is made of 425 ordinary Portland cement, sand of particle size less than 2 mm, and water. The mixture ratio (mass ratio) of cement, sand, and water is 1:2.35:0.5. The size of the cement mortar specimen is 110 mm × 110 mm × 30 mm in this test. Two unequal collinear cracks are produced by inserting 0.5 mm thin steel pieces into the cement mortar specimen. The cracks in this test are of three lengths: 24 mm, 18 mm, and 12 mm. Each specimen is cured in a constant temperature and humidity curing room for 12 h, and then the thin steel pieces are pulled out. Next, each specimen is cured for another 12 h before stripping. After stripping, each specimen is cured for 28 days continually. The cement mortar specimen is loaded by the 3000 kN ultrahigh rigidity servo testing machine (Figure 8(a) ) in the State Key Laboratory of Coal Resources and Safe Mining of China University of Mining & Technology, Beijing. The loading method is the displacement control loading method, and the loading rate is 0.2 mm/min. A high-speed movie camera (Figure 8(b) ) is used to collect the image information during the loading process. The resolution of the high-speed movie camera is 896 × 896, and the shooting speed is set as 50 fps, which ensures that the high-speed movie camera will have enough time to record the entire process of crack initiation, propagation, coalescence, and failure.
The uniaxial compression test considered six specimens, each of which includes two collinear cracks of unequal length. Table 2 lists the geometrical parameters of the two cracks, and the mechanical parameters of the cement mortar specimens are presented in Table 3 .
. . Propagation of the Cracks. Figure 9 shows the final failure modes of specimen 1, specimen 2, and specimen 3. In Figure 9 (a), the inner tips of the two cracks remain close, and shear failure occurred at the bridge area. In Figures  9(b) and 9(c) , with the increase of the distance between the inner tips of the two cracks, the failure mode of the bridge 1.00 area changes from the shear failure mode to the tensionshear mixed failure mode. The cracks start to grow from the crack tips. The propagation of the wing crack extends parallel to the maximum compressive stress. Because of the stress concentration, the secondary shear crack may first grow along the direction incline with the crack surface and then tends to reach paths along the crack extension.
In the previous section, the interaction between the two unequal collinear cracks was found to be nearly negligible when the crack distance increases to the length of the large crack. This result is obtained via theoretical analysis. Thus, in this section, the task is to determine whether the test result is in agreement with the theoretical result. Figures 9(d) and 9(e) show that only the two tips of the large crack initiate the wing crack and that this wing crack extends parallel to the maximum compressive stress. The small crack remains intact.
In Figure 9 (f), the small crack initiated microcracks, but the growth of the microcracks is not clear. The large crack and the small crack in the three specimens, respectively, grow under compression and do not affect each other. This result indicates that the interaction between the two cracks is very weak when the crack distance between the two collinear cracks reaches the length of the large cracks. This test result is in agreement with the theoretical result obtained in the previous section.
When the inclination angle of the collinear cracks is 45 ∘ , the stress-strain curves of the specimen 1 to specimen 4 tested by the uniaxial compression experiment are obtained in Figure 10 . From the curves (a) ∼ (d), it can be seen that the cracks in specimen 1 ∼ 4 initiate when the axial stress is 26MPa, 27.9MPa, 33.1MPa, and 34.4MPa, respectively, and the wing cracks always appear at the inner tip of the large crack in the uniaxial compression test. The stress Mathematical Problems in Engineering value at this time is usually referred to as the crack initial stress. When the axial stress of specimen 1 ∼ 3 increases to 41.2MPa, 45.3MPa, and 46.7MPa, respectively, the crack further propagates and the rock bridge between cracks is penetrated, but the rock bridge between cracks in specimen 4 is not perforated, which is mainly due to the excessive spacing between cracks. The phenomenon is consistent with the theoretical analysis conclusions above. According to the stress-strain curves shown in Figure 10 , the variation of crack initial stress and peak stress of the specimens 1-4 is shown as shown in Figure 11 . As can be seen from Figure 11 , the peak stress of the specimens containing cracks is lower than that in an intact specimen, which indicates that the existence of cracks has obvious influence on the strength of the specimens. The peak stress and the initial stress both increase with the increasing of the crack distance, which mainly occurs because of the relationship that the longer the crack distance, the weaker the crack interaction. Thus, the influence of crack propagation on the strength of the specimen is weaker.
Numerical Analysis of Interaction and Propagation of Unequal Length Collinear Cracks
Rock fracture process analysis system RFPA 2D is a numerical test tool based on finite element theory and statistical damage theory, which fully considers the characteristics of rock fracture inhomogeneity and anisotropy, and can simulate the progressive failure of materials. Its reliability has been verified [30] . RFPA 2D can well consider the inhomogeneity of rock medium through the model parameter m. The larger m is, the more uniform the rock is, and the smaller m is, and the more uneven the rock is. In this simulation, m ≥ 5 is taken, and the other model parameters are selected according to the parameters measured by similar material tests. As shown in Table 4 , the physical and mechanical properties of the model are close to those of sandstone. Because rock is a kind of brittle heavy material, its tensile strength is much lower than its compressive strength, so the modified Mohr-Coulomb criterion is used as the strength criterion of model element failure in this simulation.
Three groups of unequal length collinear double crack specimens with inclination angles of 45 ∘ were presetted. The double crack lengths are 24 mm and 12 mm, respectively, in which the crack spacing of the first group of specimens (a) is 6 mm, the crack spacing of the second group of specimen (b) is 12 mm, and the spacing of the third group of specimens (c) is 24mm. The specimen size of 110 mm×110 mm is divided into 330 × 330 equal area units and plane strain analysis was used in the simulation. The numerical tests of three groups of specimens under uniaxial tension and uniaxial compression were carried out by using vertical stress loading in the simulation process. Each step of the uniaxial tension process is loaded with 0.02 MPa, and each step of the uniaxial compression process is loaded with 0.2MPa. Figure 12 shows the maximum shear stress diagrams for the propagation of three groups of unequal length collinear bicracks under uniaxial tension (the brightness of the element in the figure indicates the magnitude of the stress, and the brighter the element, the greater the stress of the element). It can be seen from Figure 12 that the stress at the tip of the large crack is the largest in all three groups of specimens, and the inner tip of the large crack is the easiest to initiate under uniaxial action. The crack spacing of the first group of specimens is small, which is equal to the half-length of the small crack. Under the action of axial stress, the inner and outer tip of the large crack first germinate the wing crack with the increasing of the stress, and the small crack forms a secondary crack at the inner tip of it, and the secondary crack overlaps with the end wing crack to cause the rock bridge to penetrate. The bearing capacity of the specimen decreases rapidly, which eventually leads to the overall failure of the specimen. The wing crack occurs at the inner tip of the large crack in the second group of specimens, followed by the wing crack at the outer end of the large crack. With the continuous propagation of the wing crack, the specimen is finally destroyed and the rock bridge is not penetrating. The crack spacing of the third group is large, which is equal to the length of the large crack. When loading a certain stress, the wing crack occurs at both ends of the large crack and propagates continuously, which leads to the failure of the specimen, but the rock bridge is impenetrable and the small crack is almost intact. The crack propagation direction of the three groups of specimens is finally approximately perpendicular to the stress loading direction, and with the increasing of crack spacing, the propagation of small cracks becomes weaker and weaker, which indicates that the effect of large cracks on small cracks is decreasing. When the crack spacing increases to equal to the length of the large crack, there is almost no interaction between the two cracks, which is consistent with the above theoretical results. Figure 13 shows the maximum shear stress diagram of cracks under uniaxial compression of three groups of specimens. When the crack is subjected to uniaxial compression, the tip of the two sides of the large crack will first initiate the wing crack. If the crack spacing is small, the small crack at the tip of the large crack will overlap with the wing crack at the tip of the small crack, resulting in the penetration of the rock bridge and finally the failure of the specimen. If the crack spacing is large, the failure of the specimen is mainly caused by the continuous propagation of the wing crack. When the crack spacing is larger than the length of the large crack, the propagation of the two cracks does not affect each other under the action of stress, and the crack propagates along the loading direction parallel to the force. The conclusions are in good agreement with the theoretical and experimental results above.
Conclusion
Based on the Kachanov method, the expressions for the stress intensity factor of two unequal collinear cracks were derived to analyze the interaction between the two cracks. The influence of the crack length and crack distance on the crack interaction was analyzed, and a compression test of the cement mortar specimen containing two unequal collinear cracks was performed. The conclusions of this study are as follows.
(1) For collinear cracks, whether subjected to uniaxial tension or compression, the influence degree of the crack length and the crack distance on the crack interaction is the same. There is almost no interaction between the two unequal collinear cracks when the crack distance increases to the length of the large crack.
(2) The impact of the large crack on the small one becomes obvious when the length of the large crack increases to the crack distance. The impact of the small crack length on the large one almost disappears when the length of the small crack decreases to the distance between the two cracks.
(3) Shear failure occurs in the bridge area when the crack distance is very close, and the failure mode changes to mixed-mode failure with the increase of the crack distance. When the crack distance reaches the large crack length, the two respective cracks grow under compression and do not affect each other. This test result is in agreement with the theoretical result.
Appendix

A.
Consider two cracks 'i' and 'j' , as shown in Figure 14 ; the interaction coefficients in (3) and (4) In the above equations, 'i' denotes the imaginary unit.
B.
Once the tractions ( ) = [ ] on cracks are determined, the SIFs at crack tips are [1] as follows:
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